Abstract: This paper investigates the H∞ consensus problem for networks of multi-agent systems subject to external disturbances. In particular, a distributed dynamic output feedback controller with time-varying delays is provided, which is based on the relative outputs of neighboring agents. By using Schur complement lemma, Newton Leibniz formula and Jensen's inequality, sufficient conditions are derived to guarantee the H∞ consensus under an undirected communication topology, which is in terms of linear matrix inequalities(LMIs). And meanwhile the parameter of controller is also determined. Finally, a numerical example is presented to illustrate the effectiveness of the proposed methods.
INTRODUCTION
During the past decades, the decentralized cooperative control of multi-agent systems has attracted increasing attention from physicists, biologists, social scientists and control scientists, such as unmanned air vehicles, flocking, swarming, formation control and so on [1] . Consensus and stability are widely accepted to investigate the agents' dynamical behaviors, and meanwhile which is also premise and fundamental problem of the cooperative control for complex systems [2] [3] [4] . Consensus means that all the agents' states converge to the same value due to their interaction or feedback protocol. There have been many related results regarding the consensus problem from different viewpoints including various agents' dynamics, constraints on network topologies, control strategies and controller design methods. Many aspects of consensus algorithms is considered for multi-agent networked systems in [5] . A consensus protocol for a linear multi-agent system is designed in [6] . In [7] the consensus problem for second-order multi-agent systems with a dynamical leader is analyzed. Whereas, the methods of controller design generally adopted state feedback or static output feedback controller [8] [9] [10] [11] . As is known to all, unmodeled dynamics widely exists in the actual system. If ignoring impact on the performance of the system, controller control effect is often poor ideally. Therefore in the process of the design of the adaptive controller, the dynamic output feedback controller can not only keep the system controllability and observability the same, but also be able to introduce a dynamic signal to overcome the unmodeled dynamics. Choi et.al developed a new fuzzy dynamic outputfeedback control scheme for This work is supported by National Nature Science Foundation under Grant 61004012.
Takagi-Sugeno (T-S) fuzzy systems [12] . Zhang et.al addressed the exponential synchronization problem for neural networks by dynamic intermittent output feedback control [13] . Nevertheless, [12] [13] didn't consider the consensus problem. In [14] Liu et.al proposed a dynamic output feedback protocol to deal with the consensus problem. In [15] , the problem of non-fragile reduced-order dynamic output feedback control for both continuous-and discretetime switched systems was concerned. Moreover, the existences of time delays and external disturbances may result in poor performance, oscillation or even instability for dynamical systems. Thus the dynamic output feedback controller with time delays makes the multi-agent systems subject to external disturbances much harder to stabilize and more complex to analyze.
Comparison with papers we mentioned above, the main contributions of this paper is twofold. 1) [1] [2] [3] [4] [5] [6] [7] pay attention to the consensus problem without considering the H ∞ consensus and time delays. [8] [9] [10] [11] only investigate the H ∞ problem and not discuss consensus problem for multi-agent networks. Different from [1] [2] [3] [4] [5] [6] [7] and [8] [9] [10] [11] , this paper considers the H ∞ consensus problem for multi-agent system with time-varing delays.
2) During discussing the controller design problem, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] only used state feedback or static output feedback contrller. Though [12] [13] [14] [15] adopted dynamic output feedback controller, [12] [13] hadn't taken H ∞ consensus problem into consideration, and [14] [15] didn't consider the interference caused by time delays and external disturbances.
In contrast, this paper addresses the H ∞ consensus problem for multi-agent systems by dynamic output feedback controller with time delays.
Let G = (V, E, A) represent a weighted undirected graph of order n, where V = {ν 1 , ν 2 , ..., ν n } is the set of nodes, i.e., agents, the set of undirected edges E ⊆ V × V and a symmetric adjacency matrix A = a ij ∈ R n×n with weighting factors a ij > 0. It is stipulated that the adjacency elements associated with edges are positive, 
If there is a path between every node and every other node, the graph is said to be connected. The Laplacian matrix is denoted by L. Consider a multi-agent system consisting of n identical agents, which is characterized bẏ
where
m2 is the control input or protocol, and
, and C ∈ R m3×m are given matrices. Definition 2.1 For the given initial state x i (0), if and only
then the system (1) reaches consensus. Under the influence of external disturbance, it is hard to achieve the accurate consensus defined in (2) . For the sake of analyzing the effect of disturbance to the consensus problem quantitatively, we attempt to design a controlled output function z i (t) ∈ R m to measure the interference of x i (t) to the average state of all agents. It is as follows
and with the network system of n agents, z i (t), i = 1, 2, . . . n can be written as
Note that if z(t) = 0, then
is, the network system has reached consensus as (2) .
Thus, the attenuating ability of the multi-agent system against external disturbances can be quantitatively measured by
where T zω (s) represents the closed-loop transfer function matrix from external disturbance ω(t) to controlled output z(t). γ > 0 is a given H ∞ performance index. For this purpose, a distributed dynamic output feedback controller is proposed based on the relative output of neighboring agents. Hence, there may be a delay in the procedure of information interactions and the applied controllers usually encounter difficulties regarding inaccuracies. Therefore, the following distributed dynamic output feedback controller with time-varying delays is presented to guarantee consensus among agents in multi-agent network systems.
where v i (t) is the controller's state, a ij is the adjacency elements of interconnection graph G,
and
By Kronecker product, the system (1) with controller (7) can be rewritten as the followinġ
where L is the Laplacian of graph G, L c is defined as (5) . Since the graph is undirected and connected, the number of zero eigenvalues of Laplacian is only one. Refer to [7] , using model transformationx
where U, U L are orthogonal matrixs defined as Lemma 2.1. For the dimension reduction and decoupling, the consensus problem of multi-agent system is transforming into a stability problem of the following system which consists of n−1 independent agents.
0 and 
Lemma 2.3 [18] For arbitrary real differentiable vector functions x(t) ∈ R
n and constant matrix W = W T > 0, the following inequality is established:
where t ≥ 0.
Main results
In this section, the consensus conditions for multi-agent network systems are derived.
Theorem 1 For positive constants d, h, if there exist the positive definite symmetric matrix P, Q, R, an appropriate matrix K and
are satisfied for i, i = 1, 2, ..., n − 1, where
, then systems (9) are asymptotically stable and system (8) achieves consensus.
Proof For system (9), we choose the following LyapunovKrasovskii function
P , Q, R are to stay with the proper dimensions for symmetric positive definite matrix. Obviously, V * (t, ξ i (t), η i (t),ω i (t)) > 0. Then take the derivative of (11) along the solution of system (9) yieldṡ
Using Lemma 2.3 and Newton-Leibniz formula, we havė
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As to dξ i (t)
Under the zero initial condition V * (0) = 0, we have
which completes the proof. Noticing that the inequality (10) is bilinear according to matrix P, Q, R, A k , B k , C k and D k , the method of obtaining the undetermined feedback matrix is presented in the following theorem 2 by linear matrix inequalities. Without loss of generality, the matrix B 2 is with full column rank.
Theorem 2 For a given index α > 0 and an H ∞ performance index γ, if there exist positive definite symmetric matrixP ,Q, matrixR such that the following inequalities
are simultaneously satisfied for all d ∈ [0, ∞) and h ∈ (0, 1), then systems (9) are H ∞ asymptotically stable and the system (8) achieves H ∞ consensus, whereP
, and controller parameter is given by
we have
EKG
Pre-multiplying and post-multiplying the inequality (10) withV =diag{V
, we have
The inequalities (12) are got with
and this proof is completed.
Numerical Examples
This section presents a numerical example which demonstrate the validity of the method described above. and under the dynamic output feedback control, the corresponding controlled outputs' curves are shown in Figure. 2. Figure.2 show that the multi-agent network system with the external disturbance is asymptotically consistent.
Conclusion
The H ∞ consensus problem of multi-agent network systems subject to external disturbances has been studied in this paper. By adopting a distributed dynamic output feedback controller based on the relative outputs of neighboring agents with time-varying delays, and using model transformation, the H ∞ consensus problem for multi-agent system is turned to be the asymptotic stability problem. Then, through Lyapunov-Krasovskii function and several lemmas we derive consensus conditions in terms of linear matrix inequalities and meanwhile obtain the controller parameters.
A numerical example has shown the effectiveness of the proposed theoretical algorithms. Extension to a directed graph or little conservatism of the stability criterion of time delays is under the future investigation.
